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ABSTRACT: The important role played by hot electrons in
photocatalysis and light harvesting has attracted great interest
in their dynamics and mechanisms of generation. Here, we
theoretically study the temporal evolution of optically excited
conduction electrons in small plasmon-supporting gold and
silver nanoparticles. We describe the electron dynamics
through a master equation incorporating transition rates for
optical excitations and electron−electron collisions that are
calculated using the screened interaction within an independ-
ent-electron picture. Upon optical excitation of the particle by a
light pulse, a nonthermal electron distribution is produced,
which takes 10s fs to thermalize at an elevated electron
temperature due to electron−electron collisions and eventually relaxes back to ambient temperature via coupling to phonons and
thermal diffusion. Phonons and diffusion are introduced through a phenomenological inelastic attenuation rate. We find the
temporal evolution of the electron energy distribution to strongly depend on the total absorbed energy, which is in turn
determined by particle size, pulse fluence, and photon energy. Our results provide detailed insight into hot-electron dynamics
that can be beneficial for the design of improved photocatalysis and photodetection devices.
KEYWORDS: hot electrons, ultrafast dynamics, nanoparticles, plasmons, electron thermalization

The interaction of light with electrons in matter is the
underlying principle of fundamental processes such as

photoemission and photocatalysis. Progress in the under-
standing of these phenomena is generating important
technological applications, for example, in optical sensing,1−6

photochemistry,7−11 and light harvesting.9,12−16 In this context,
metallic nanostructures provide the means to confine and
enhance the electromagnetic optical field down to small regions
compared to the wavelength, thus allowing us to control and
increase the interaction of light with the electrons of those
structures.17,18 An important part of this interaction concerns
the Landau damping mechanism of plasmon decay, which can
lead to the promotion of conduction electrons to energies well
above the Fermi level.7−9,11,14,19−29 In fact, this is the main
channel of plasmon damping in small metal particles, where
radiative decay is negligible.
The so-called hot-electrons (and holes) can have sufficient

energy to trigger chemical reactions,7−11,27,30,31 harvest light
energy,9,12−16 induce nonlinear response,32 and serve as
photodetection signals.22,24,33 This great potential of hot
electrons for technological applications has stimulated sub-
stantial efforts to understand their dynamics, including ultrafast
optical pump−probe experiments of the response of thin
films34,35 and metal nanoparticles.36−40 The mean free path
between inelastic collisions of hot-electrons in metals has been
extensively examined as well.34,41−44 Likewise, much work has

been devoted to the theoretical understanding of the creation
and relaxation of hot electrons.27,28,45−53 The complexity of the
problem limits the applicability of first-principles simulations to
the bulk.28,52,53 Simple analytical calculations of the cascade
process have been also reported, mainly aiming a qualitative
understanding.19,20,50 A simple, detailed description of hot-
electron dynamics including finite-size effects is however
missing.
Here, we theoretically describe the excitation by a laser pulse

and subsequent evolution of conduction electrons in small gold
and silver nanoparticles, incorporating detailed information on
electron−electron collision rates, which are calculated from the
screened interaction. The dependence on particle size, laser
intensity, and light frequency is thoroughly studied. Figure 1
presents a cartoon of the processes under consideration, which
we describe through a simple master rate equation for the
conduction electrons, incorporating the noted initial laser-pulse
excitation, as well as e-e thermalization and relaxation through
inelastic collisions.

■ THEORETICAL MODEL
We consider a gold or silver nanosphere and focus on the
dynamics of s conduction electrons, which we describe as
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independent and confined by an infinite potential well of the
same diameter as the particle. The resulting wave function ψi
for each one-electron state i is a simple product of a spherical
Bessel function and a spherical harmonic (see Methods). Each
metal atom contributes with one electron to the conduction
band, so there is an unambiguous relation between the well
diameter D and the number of s electrons N. For the moderate
photon energies under consideration, we neglect the dynamics
of d valence-band electrons, which roughly lie 2.4 eV (4 eV)
below the Fermi level of gold (silver).9 This approximation is
well justified for silver, but it is questionable near the plasmon
energy of gold, which partially overlaps with d band excitations.
Nevertheless, the contribution of d-band electrons to dielectric
screening is included in the dielectric function that mediates the
interaction between hot electrons. This dielectric function
describes the applied field inside the particle, which is
responsible for initial absorption from the laser pulse (see
below).
We represent the configuration of conduction electrons

through a set of occupation fractions pi, one for each state i.
The temporal evolution of these occupancies is here studied by
means of the master equation
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where the γ coefficients describe transition rates associated with
different physical processes. In particular, external pump (ex)
and electron−electron (e-e) transitions (second term in eq 1)

are weighted by appropriate combinations of occupation
fractions in order to guarantee that they occur between
occupied and unoccupied states. Moreover, the optical pump
can produce both population and depopulation of each electron
state, which are combined in a weighting factor pj − pi,
exploiting the symmetry γij

ex = γji
ex (see eq 13 in Methods).

Additionally, relaxation through electron−phonon (e-ph)
interaction (first term in eq 1) simply drives the system back
to its initial occupancies pi

0 = f i(T0), where f i(T0) is the Fermi−
Dirac distribution (FDD) at the environment temperature T =
T0. More precisely,

=
+μ−f T

e
( ) 1

1i E T k T( ( ))/i B (2)

where μ(T) is the temperature-dependent chemical potential
(see below).
Several approximations are made for each of the three

different types of processes considered in eq 1 and, more
precisely, in the calculation of their associated transition rates,
as we describe next:

• Hot carrier generation through optical pump, γji
ex. We

consider the particle to be irradiated by a laser pulse of
fixed duration Δ = 10 fs. The resulting electron
excitations are described through time-dependent rates
γji
ex between states i and j. We approximate these rates by
calculating the first-order transition probability produced
by the laser field, conveniently corrected to include the
response of the particle (i.e., the transition is driven by
the field inside the particle instead of the bare incident
field). For simplicity, we assimilate the particle response
to that of a homogeneous sphere described in terms of a
size-corrected dielectric function (see below). Finally, we
derive a rate from the transition probability by assuming
a normalized temporal profile that follows the pulse
intensity (see eq 13 in Methods). Incidentally, the pulse
fluence is simply given by π ΔI0 in terms of the peak
light intensity I0.

• Thermalization through electron−electron interaction, γji
e‑e.

The screened Coulomb interaction between hot charge
carriers produces i → j transitions, which we study by
assuming linear response and ignoring the contribution
of the transitioning electron to dielectric screening in the
system (many-electron limit). A direct extension of a
previously reported formula for the transition rate52,54−56

allows us to include temperature effects and write it as

∫γ ψ ψ ψ ψ ω

ω θ ω

= ℏ ′ * * ′ ′ − ′ | |

× | | +

‐ e W

n

r r r r r r r r2 d d ( ) ( ) ( ) ( )Im{ ( , , )}

[ ( ) ( )]

ji j i j i ij

ij ij

e e
2

T (3)

where W(r,r′,ω) is the screened interaction, defined as
the potential produced at r by a unit point charge placed
at r′ and oscillating with frequency ω. Here, nT(ω) =
[eℏω/kBT − 1]−1 is the Bose−Einstein distribution function
at temperature T, ωij = (Ei − Ej)/ℏ is the transition
frequency, and the step function θ(ωij) only contributes
for Ei > Ej. We calculate the screened interaction W
within the same dielectric model as the one used above
for γji

ex, assuming a homogeneous dielectric sphere
described by a size-corrected dielectric function. This
leads to analytical results for γji

e‑e (see eq 14 in Methods).
• Relaxation through electron−phonon interaction, γe‑ph.

Coupling to phonons removes energy from the electrons

Figure 1. Sketch of the physical processes under consideration. (a) A
gold or silver particle is initially in thermal equilibrium with its host
background at temperature T0. (b) An ultrafast laser pulse irradiates
the particle, generating surface plasmons, which rapidly decay into hot
electrons and holes within ∼10 fs. (c) These charge carriers evolve due
to their Coulomb interaction, leading to the decay of the most
energetic electrons within 10s fs, and eventually relaxing back to
ambient temperature via coupling to particle phonons within several
picoseconds. Shaded areas represent the initial Fermi−Dirac
distribution (FDD) of electronic states, vertical lines and symbols
indicate the occupancies of different energy levels, and the solid curve
in (c) is the FDD at a higher temperature T, as calculated for a silver
particle containing N = 104 conduction electrons (see below).
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at a phenomenological rate γe‑ph (first term in the right-
hand side of eq 1). This relaxation brings the electrons
back from the current distribution pi to the initial one pi

0,
a process that has been extensively studied using two
different temperatures for the electrons and the atomic
lattice.57−59 Instead, we incorporate a more microscopic
description through γe‑ph, although the effect of the
increase in phonon population is disregarded in the
present model, and so is thermal diffusion outside the
particle. A detailed computation of the temperature-
dependent γe‑ph rate is provided in Methods.

An important ingredient in the calculation of γji
ex and γji

e‑e is
the metal permittivity, which differs substantially from the bulk
permittivity for the small particles under consideration, as we
discuss next. We implement a correction that goes beyond the
phenomenological description traditionally introduced through
a size-dependent effective damping.61 In particular, we
construct the permittivity from the potential-well one-electron
states (see eq 12 in Methods) and, therefore, we term it
potential-well approximation (PWA). We first note that in a
local dielectric description the electric field inside a
homogeneous sphere that is exposed to a uniform external
electric field is also uniform. As a reasonable ansatz, we assume
a uniform field inside our metal sphere as well. Additionally, we
adopt the noninteracting random-phase approximation suscept-
ibility62 to write the PWA for the dielectric function as63,64
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where the sum extends over transitions between electron states
i and j, ωij = (Ei − Ej)/ℏ is the transition frequency, ℏγ = 0.071
eV (ℏγ = 0.024 eV) is a phenomenological damping energy
derived from optical measurements for gold (silver),60
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is the transition strength (we consider polarization along z),
conveniently normalized to satisfy the f-sum rule ∑ijSij = 1, and
ωp is the classical bulk plasma frequency. The latter (ℏωp = 9.0
eV in gold and silver) depends on the particle radius a and the

number of conduction electrons N as ω = e N m a3 /p
2

e
3 . In
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as a background permittivity that takes into account interband
transitions and polarization of inner electrons. More precisely,
ϵ(ω) is the bulk dielectric function of the metal, which we take
from optical measurements (Johnson and Christie60 for 0.8−
6.5 eV photon energies, Palik65 above this interval, and a
constant ϵb = 9.5 (ϵb = 4) below 0.8 eV for gold (silver)60). The
Lorentzian in eq 5 removes the Drude contribution of
conduction electrons, which is replaced by the double sum of
eq 4 for the particle. Figure 2 shows the polarizability for small
particles of diameters in the D = 4−9.3 nm range, calculated
from the PWA as α = a3(ϵPWA − 1)/(ϵPWA + 2). In the smallest
particles under consideration, the contribution of singular
electronic transitions produce fine structure, which disappears
as the particle size increases, indicating a convergent trend
toward the classical limit α = a3(ϵ − 1)/(ϵ + 2). Interestingly,
we observe only a minor dependence of ϵPWA on temperature
(through f i(T); see Figure 2c,f), so we assume a T-independent
permittivity throughout the rest of this work.
In what follows, we numerically solve eq 1 for different

particle sizes and illumination conditions. As we are dealing

Figure 2. Potential-well approximation (PWA) for the dielectric function of gold and silver nanoparticles. We show the real (a, d) and imaginary (b,
c, e, f) parts of the dipolar polarizability α calculated from the PWA (4) for gold (a−c) and silver (d−f) particles of different size (see legends for
diameter D and number of electrons N) at various electron temperatures T. For comparison, we also plot the classical limit α = (3V/4π)(ϵ − 1)/(ϵ +
2) (black curves, with the dielectric function ϵ taken from optical measurements60). The polarizabilities are normalized to the metal volume V =
4πa3/3.

ACS Photonics Article

DOI: 10.1021/acsphotonics.6b00217
ACS Photonics 2016, 3, 1637−1646

1639

http://dx.doi.org/10.1021/acsphotonics.6b00217


Figure 3. Temporal evolution of the conduction electron distribution for different Ag particle sizes. Three different diameters D and corresponding
numbers of conduction electrons N are considered. We show the difference |ρS − ρS

0| (orange lines) of the DOS (see eq 6) relative to the
unperturbed particle, as well as the contribution of that difference to the electronic energy [ES − μ(T0) ]|ρS − ρS

0| (purple lines), where μ(T0) is the
chemical potential at the initial ambient temperature T0 = 300 K (see main text). These quantities are plotted as a function of energy ES for each set
of degenerate states S (horizontal axis). μ(T0) is shown as vertical black lines. Gray lines represent FDD’s at the effective temperature T, also
indicated for each plot. The central energy, duration, and peak intensity of the light pulse are 3.5 eV, 10 fs, and 1014 W/m2 (fluence equal to 0.18 mJ/
cm2), respectively. The central part of the pulse impinges on the particle at time 0 (upper plots).

Figure 4. Same as Figure 3 for different values of the light pulse central energy (a) and peak intensity (b) (see labels). The particle diameter is D =
6.87 nm (N = 104 conduction electrons).
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with a discrete system, it is convenient to define a discrete
electronic density of states (DOS)

∑ρ =
∈

p2S
i S

i
(6)

where the sum runs over subsets S = {ψi} of degenerate orbitals
with the same energy ES = Ei, and the factor of 2 accounts for
spin degeneracy. Obviously, the number of electrons N = ∑SρS
has to remain constant. In particular, when thermal equilibrium
is established at a certain temperature T, we have pi = f i(T) (see
eq 2). This results in the condition N = 2∑i f i, which allows us
to determined the chemical potential μ(T) in order to maintain
N constant (see Methods).
We note that the particle temperature is only well-defined

when the system is thermalized. However, the electron
distribution is far from thermal equilibrium during the first
stages following pulse irradiation. Then, we define an effective
temperature determined by the condition that the electronic
energy is conserved due to e-e collisions (see Methods for more
details). Obviously, the effective temperature agrees with the
standard value when the electron distribution approaches a
FDD.

■ PARTICLE SIZE DEPENDENCE OF ELECTRON
THERMALIZATION

Figure 3 shows the time evolution of the electron population in
silver particles following the excitation with a 10 fs laser pulse of
1014W/m2 peak intensity (fluence equal to 0.18 mJ/cm2)
centered around 3.5 eV photon energy, which overlaps with the
prominent dipole plasmon observed in silver particles for the
three different sizes under consideration. The distribution right
after pumping exhibits perturbations that are roughly centered
around the chemical potential of the relaxed particle (we find
μ(T0) = 5.87 eV at T0 = 300 K), which compares well with the
well-known Fermi energies of s electrons in bulk gold and silver
(5.53 and 5.49 eV, respectively66). The initial distribution
evolves very rapidly during the first tens of femtoseconds due to
e-e collisions, which produce a migration of the population
perturbations toward the chemical potential, eventually
thermalizing after a time >10s fs following pulse irradiation
(cf. purple and gray bars in Figure 3). Finally, the electron

temperature decreases at a low pace via relaxation to
phonons.67

The effects of electron quantization are more clearly
discernible in the smallest particle under consideration (D =
4.01 nm), although the excited population right after irradiation
does not follow a distinct pattern. In contrast, the largest
particle (D = 6.87 nm) roughly shows an initial excited
population with features that are symmetrically placed at an
energy ∼3.5 eV (the light energy) away from the chemical
potential. The increase in initial excited population with particle
size presumably originates in the stronger dipole moments
associated with the transitions between orbitals of larger spatial
extension. The perturbations remain stronger in larger particles
even after a time of several picoseconds following pulse
irradiation.
In Figure 4, we explore the dependence on laser pulse

parameters for a D = 6.87 nm particle. It is clear that by tuning
the light frequency to the plasmon resonance, the carriers are
maximally excited (Figure 4a). When moving to lower
intensities (Figure 4b), the initial distribution remains
qualitatively the same, although the perturbations are obviously
smaller in magnitude. However, the relative importance of e-e
thermalization and inelastic relaxation depends on electron
temperature, thus leading to a comparatively faster depletion of
hot electrons for lower pulse fluence.
In order to quantify the displacement of the electron

distribution from the initial relaxed state of the particle, we
introduce the distance to initial equilibrium

∑ μ ρ ρ= | − | −
N

E T1 ( )
S

S S S0 0
0,

(7)

which roughly represents the excess energy (normalized per
conduction electron) remaining in the electronic system. We
additionally define the distance to instantaneous thermal
equilibrium

∑ ∑μ ρ= | − | −
∈N

E T f T1 ( ) 2 ( )
S

S S
i S

i,
(8)

where the energy and DOS are compared to the equilibrium
chemical potential and state occupancies corresponding to the
effective temperature T, which is in turn a function of time.
Figure 5 shows the temporal evolution of these quantities for

Figure 5. Temporal evolution of (a) the distance to initial equilibrium 0, (eq 7), (b) the distance to instantaneous thermal equilibrium , (eq 8),
and (c) the electron temperature T for particles of different sizes and two values of the pump peak intensity (see labels). The central energy and
duration of the light pulse are 3.5 eV and 10 fs, respectively. The initial temperature is T0 = 300 K. The peak of the pump pulse reaches the particle
position at time 0. The insets show the same curves normalized to their respective maxima.
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the same three particle sizes as in Figure 3. In particular, T rises
rapidly when the pump pulse illuminates the particle, and
decreases slowly back to ambient temperature over a scale of
several picoseconds. Interestingly, the peak value of T right
after irradiation is rather independent of particle size, and so is
its temporal evolution. However, a strong dependence on
pump intensity is observed. The evolution of 0, (Figure 5a)
also shows an expected jump during pulse irradiation, followed
by a slow decay, which in our model is entirely due to e-ph
inelastic relaxation because e-e collisions conserve energy.
Eventually, 0, becomes negligible after ∼10 ps. In contrast, the
distance to instantaneous equilibrium , (Figure 5b) rapidly
decays over a time scale of 10s fs, compatible with the observed
distributions of populations in Figures 3 and 4.
We remark that the temporal evolutions of 0, , ,, and T

follow profiles that are rather independent of particle size when
they are normalized to their maximum (see insets to Figure 5),
and thus, they seem to be controlled by bulk properties already
for the particle sizes under consideration. Additionally, the
evolution of the normalized , (inset to Figure 5b) during the
first 10s fs is independent of pulse energy, so we conclude that
thermalization is controlled by intrinsic e-e scattering proper-
ties, rather than particle size and pulse energy. In contrast,
relaxation, which occurs over a period of several picoseconds,
takes comparatively longer time for lower pulse fluence, an
effect that we attribute to the increase in γe‑ph with electron
energy: more intense pulses produce higher temperatures,
which are in turn associated with larger populations of high-
energy electron states and faster coupling to phonons (see
Methods). Incidentally, the sudden drop in temperature right
after pulse irradiation is presumably the effect of non-
equilibrium dynamics during the period in which T acts as an
effective parameter used to preserve energy conservation (see
above).

■ ELECTRON−ELECTRON COLLISION LIFETIME
The role of e-e interaction in hot-electron dynamics can be
further understood by examining the corresponding lifetimes of
specific excited charge carriers. For simplicity, we perform this
analysis in the relaxed system. The lifetime is then obtained as

∑τ γ= −‐ ‐ f1/ (1 )i
j

ji j
e e e e

(9)

for electrons and

∑τ γ=‐ ‐ f1/ i
j

ij j
e e e e

(10)

for holes, where the rates γji
e‑e are calculated at T = T0 (see eq

3). Figure 6 shows the results for different particle sizes as a
function of state energy E = Ei. The lifetime is similar for both
electrons and holes, and diverges near the chemical potential
because of the vanishing of the number of final states that they
can decay into. Clearly, e-e scattering dominates the temporal
dynamics of excited carriers at short times, when hot electrons
have relatively large energies for which τi

e‑e is in the range of a
few femtoseconds. Remarkably, the lifetimes are nearly
independent of particle size, in excellent agreement with the
conclusions extracted from Figure 5. Our results compare
reasonably well with ab initio calculations53 (see curves in
Figure 6), except at low carrier energies, where the latter
incorporate e-ph interactions, which indeed dominate the
lifetime for carrier energies <1 eV relative to the chemical

potential. We thus expect the long-time evolution to
incorporate an interplay between e-e and e-ph interactions, as
a crossover between the two mechanisms occurs when
electrons are eventually relaxed and piling up at lower energies
(see next).
Incidentally, we also plot in Figure 6 results for a N = 10 000

particle in equilibrium at a higher temperature T = 5000 K,
obtained by calculating both the e-e rates and the f ’s at that
temperature. The lifetime is then dramatically reduced,
particularly at low energies, as a result of the increase in the
number of unoccupied states that become available for
electronic transitions in the charge-carrier distribution at this
elevated temperature.

■ COLLECTIVE RELAXATION TIME (CRT)
The population pi of a given electronic state i is initially
modified by the optical pump and subsequently depleted by the
effect of e-e and e-ph interactions. However, the temporal
evolution of these processes involves an interplay between
depopulation due to transitions to other states and population
by transitions from other states. The balance between these two
types of processes leads to a characteristic time needed for the
population pi to be substantially reduced with respect to the
value right after pulse irradiation. We denote the latter pi

1 and
define the state-dependent CRT as the interval τi

CRT after pulse
irradiation for which the difference between the state
population pi and the ambient-temperature population pi

0

drops to only 37% (i.e., a factor 1/e) of its maximum value
right after pulse irradiation. That is,

τ − = −p p
e

p p( ) 1
i i i i i

CRT 0 1 0
(11)

More precisely, we consider a δ-function pulse (i.e., Δ = 0),
which allows us to write pi

1 = pi(0
+). Notice that τi

CRT is
expected to be much larger than the inelastic lifetime of

Figure 6. Electron−electron scattering contribution to the lifetime of
electrons (E > μ(T0), eq 9, solid circles) and holes (E < μ(T0), eq 10,
open circles) as a function of their energy E relative to the initial
chemical potential μ(T0) for gold (a) and silver (b) particles of
different sizes. We take T0 = 300 K. Results from ab initio calculations
for bulk materials taken from ref 53 are plotted for comparison as solid
and dashed curves for electrons and holes.
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individual electrons (∼9 fs (∼31 fs) in gold (silver), as
estimated from the damping rate in the infrared conductivity
fitted to a Drude model60). In this analysis, we disregard states
that are unaffected by the optical pulse due to selection rules in
the initial excitation process. Figure 7 shows τi

CRT for both
electrons and holes as a function of Ei relative to the chemical
potential. The CRT decays as the energy departs from the
chemical potential μ: excited electrons decay to lower-energy
states, thus sustaining the population of the latter during a
longer time period; the same argument applies for deeper
holes; additionally, charge carriers near μ have a smaller
number of states to which they can decay. A variation with
pulse intensity and photon energy is clearly observed (Figure
7a,b), which is roughly explained by the difference in optically
absorbed energy, as corroborated upon inspection of the CRT
for pulses of different photon energy but in which the intensity
is normalized in such as way that the absorbed energy is fixed
(Figure 7c).

■ CONCLUDING REMARKS
Our study of the dynamics of hot carriers in small metal
nanoparticles corroborates the three periods of evolution
illustrated by Figure 1, encompassing initial excitation by an
optical pulse, fast thermalization to elevated electron temper-
atures over 10s fs due to e-e collisions, and subsequent
relaxation back to ambient temperature over a period of several
picoseconds.
The above simulations are focused on silver particles, for

which the excitation of d valence electrons can be neglected at
the photon energies under consideration, and in particular at
the plasmon energy ∼3.5 eV. We obtain qualitatively similar
results for gold (see Supporting Information), although the
applicability of our model to this metal is questionable for
photon energies near the plasmon ∼2.5 eV, which partially
overlaps with d band excitations in the material. Incidentally,
this is well-known to produce larger plasmon damping, which
in turn leads to weaker excitation compared to silver, therefore
reaching smaller peak electron temperatures.
We note that surface states are not present in our description

of conduction electrons confined by a potential well. In

practice, surface states strongly depend on atomic orientation,68

which varies along the surface of an approximately round metal
nanoparticle. The contribution of surface states to hot electron
dynamics should then be largely dependent on the specific
atomic arrangement at the surface. Furthermore, we expect this
contribution to be comparatively small because surface
electrons only make a small fraction of the total conduction
electrons for the particle sizes under consideration.
The dynamics here investigated could be experimentally

observed by employing pump−probe setups with femtosecond
resolution.69,70 For example, two-photon photoemission
measurements could be used to study electron populations
near the surface of metal nanoparticles. The present formalism
can be easily extended to nonspherical particles in order to
study shape effects on the hot electrons37 and optimize their
characteristics to suite specific applications. In particular,
knowledge of the temporal evolution of hot electrons and
their dependence on size, composition, and morphology in
metal nanoparticles is of primary importance for the
developmeng of applications in photovoltaics, photodetection,
and photocatalysis.

■ METHODS
Electronic States. We approximate the wave functions of s

electrons in gold or silver spherical nanoparticles by the well-
known solutions of Schrödinger equation for a spherical
infinite-potential well with the same radius a as the particle,

ψ β= ΩA j r a Yr( ) ( / ) ( )i i l n l l m r
i i i i i (12)

where ni, li, and mi are the principal, orbital, and azimuthal
quantum numbers, respectively, subject to the conditions 0 ≤
|mi| ≤ li, Ylimi

is a spherical harmonic, βnili is the ni
th zero of the

spherical Bessel function jli, and β= +A a j2/[ ( )]i l n l
3

1
2
i i i

is a

normalization constant. The electron energies Ei = ℏ2β2nili/
(2mea

2) form a discrete spectrum with 2(2li + 1) degeneracy for
each value of ni, where the leading factor of 2 originates in spin.

Excitation by a Laser Pulse. We model the pulse through
the external potential

Figure 7. Collective relaxation time (CRT, see eq 11) of excited electrons and holes under optical pumping as a function of their energy for (a)
different particle sizes and intensities with fixed central pulse energy (ℏω = 3.5 eV, see legend); and (b, c) different light energies and fixed particle
size (D = 6.87 nm, N = 104) with either fixed intensity ((b), I0 = 1014 W/m2, fluence equal to 0.18 mJ/cm2) or fixed absorbed energy ((c), ΔE = 15
eV). The CRT is defined as the interval after light pulse irradiation required for the population of carriers at energy E to differ from the initial
population by less than 37% (i.e., a factor 1/e) of the state degeneracy at that energy. Electrons (holes) are represented by solid (open) circles.

ACS Photonics Article

DOI: 10.1021/acsphotonics.6b00217
ACS Photonics 2016, 3, 1637−1646

1643

http://pubs.acs.org/doi/suppl/10.1021/acsphotonics.6b00217/suppl_file/ph6b00217_si_001.pdf
http://dx.doi.org/10.1021/acsphotonics.6b00217


ϕ = − +ω− − Δt zE e er( , ) [ c.c.]t text
0

i /20
2 2

where Δ is the duration, ω0 is the central frequency, and the
peak intensity is related to the field amplitude as I0 = c| E0|2/2π.
It is convenient to express ϕext in frequency space, so that the
total potential ϕ inside the sphere is simply obtained by
multiplying by 3/[ϵPWA(ω) + 2],71 where we assume that the
particle responds as a homogeneous sphere of permittivity ϵPWA
(see eq 4). Moving back to the time domain, we find

∫ϕ π ω
π

ω
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( ) 2

t
0

i
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where F(ω) = e−(ω−ω0)
2Δ2/2 + e−(ω+ω0)

2Δ2/2. Transitions between
conduction electrons are then described by the interaction
Hamiltonian −eϕ. Within first-order perturbation theory, we
readily find the transition probability from state ψi to state ψj as
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where ωji = (Ej − Ei)/ℏ is the transition frequency and we use
the radial and angular matrix elements Rji,n = ∫ 0

1 xndxjli(βnilix)
jlj(βnjljx) andMji,lm = ∫ dΩrYljmj

* (Ωr)Ylm(Ωr)Ylimi
(Ωr), respectively.

The Gaunt integrals Mji,lm can be analytically evaluated in terms
of Wigner 3j symbols. Finally, we distribute the probability over
a time-dependent rate (i.e., the quantity actually entering eq 1)

γ π= Δ
− Δt e P( ) 1

ji
t

ji
ex / ex2 2

(13)

with the same profile as the pulse intensity.
Screened Electron−Electron Interaction and Scatter-

ing Rates. In order to evaluate the e-e scattering rates γji
e‑e (see

eq 3) we need to consider the screened interaction W, which
for our metal particle, described as a homogeneous sphere of
permittivity ϵPWA (see eq 4), reduces to56
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r< = min{r,r′} and r> = max{r,r′}. Introducing this expression in
eq 3, we find
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where
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and only even l + li + lj terms with |mi − mj| ≤ l contribute to
the above sum.

Chemical Potential and Specific Heat. Figure 8a shows
the temperature-dependence of the chemical potential μ, which
is the same for gold and silver within our model because both
metals have a similar conduction electron density. We note that
μ shows a trend toward the bulk metal value for increasing
particle size (∼5.5 eV, see Figure 8a). Finally, we calculate the
electronic specific heat as a function of temperature T from75

∑= ∂
∂ = ∂

∂c T E V
T V T

E f T( ) ( / ) 2 ( )
i

i ie

This expression leads to the expected linear behavior for large
particles (see Figure 8b). In contrast, finite-size effects produce
a nonmonotonic behavior at low temperatures in small
particles, which has been previously attributed to insufficient
electron Coulomb screening.72−74.

Inelastic Relaxation. We describe inelastic relaxation due
to e-ph coupling in a phenomenological fashion through a
state-independent decay rate γe‑ph. The rate of change in the
population pi is then given by −γe‑ph(pi − pi

0), where pi
0 = f i(T0)

is the initial equilibrium distribution at the background
temperature T0 (see eq 2). The coupling rate is related to
the heat capacity ce(T) through76 γe‑ph = G/ce(T), where the
electron−lattice coupling coefficient is GAu ≈ 3 × 1016 W m−3

K−1 and GAg ≈ 3.5 × 1016 W m−3 K−1 for gold and silver,57,58

respectively (i.e., approximately constant over the range of
temperatures here encountered). The inverse rate 1/γe‑ph has a
nearly linear behavior with temperature (i.e., proportional to
the curves of Figure 8b), except for the anomalous non-
monotonic dependence in the smallest particles under
consideration.

Determination of a Time-Dependent Temperature
from Energy Conservation. The e-e scattering rates depend

Figure 8. Temperature dependence of (a) the chemical potential and (b) the electronic specific heat for particles with different numbers of
conduction electrons N (see legends).
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on temperature through the term nT in eq 3. However, a
temperature cannot be properly defined during a time interval
shortly after pulse irradiation, when the electron distribution is
out of thermal equilibrium. We define an effective temperature
T determined in such a way that energy is conserved during e-e
scattering. That is, T is obtained at every time step during the
evolution described by eq 1 by guaranteeing that the condition

∑ γ γ− − − =‐ ‐E p p p p[ (1 ) (1 )] 0
ij

i ji i j ij j i
e e e e

is satisfied. Examples of temperatures calculated following this
procedure are shown in Figure 5c.
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N.; Valleé, F.; Lerme,́ J.; Celep, G.; Cottancin, E.; Gaudry, M.; et al.
Electron-phonon scattering in metal clusters. Phys. Rev. Lett. 2003, 90,
177401.
(40) Aruda, K. O.; Tagliazucchi, M.; Sweeney, C. M.; Hannah, D. C.;
Schatz, G. C.; Weiss, E. A. Identification of parameters through which
surface chemistry determines the lifetimes of hot electrons in small Au
nanoparticles. Proc. Natl. Acad. Sci. U. S. A. 2013, 110, 4212−4217.
(41) Quinn, J. J. Range of excited electrons in metals. Phys. Rev. 1962,
126, 1453−1457.
(42) Kreibig, U.; Fragstein, C. V. The limitation of electron mean free
path in small silver particles. Eur. Phys. J. A 1969, 224, 307−323.
(43) Penn, D. R. Electron mean free paths for free-electron-like
materials. Phys. Rev. B 1976, 13, 5248−5254.
(44) Tanuma, S.; Powell, C. J.; Penn, D. R. Calculations of electron
inelastic mean free paths. IX. Data for 41 elemental solids over the 50
eV to 30 keV range. Surf. Interface Anal. 2011, 43, 689−713.
(45) Popov, V. V.; Solodkaya, T. I.; Bagaeva, T. Y. Monte Carlo study
of electron-plasmon scattering effect on hot electron transport in
GaAs. Phys. B 1996, 217, 118−126.
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FIG. S1: Same as Fig. 3 of the main paper for gold particles, higher pump intensity (I0 = 10

15
W/m2

), and central photon

energy tuned to the gold-particle dipole plasmon energy (2.44 eV).
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FIG. S2: Same as Fig. 4 of the main paper for gold particles, higher pump intensity, and di↵erent photon energies.
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FIG. S3: Same as Fig. 5 of the main paper for gold particles, higher pump intensity, and central photon energy tuned to the

gold-particle dipole plasmon energy (2.44 eV).


